O ∞ -STABLE C * -ALGEBRAS
Introduction
An interesting physical duality that has received a lot of attention in the mathematical literature is T-duality. One aspect of this theory is the Bunke-Schick topological T-duality. It is insensitive to subtle geometric structures but its mathematical underpinnings are very well understood [6, 5, 7] . The main objective of this article is to develop an algebraic formalism for topological T-duality relating it to the theory of noncommutative motives [30, 53, 37] . Along the way we obtain several interesting applications to algebraic K-theory and K-regularity of C * -algebras. The novelty of our approach lies in the use of the Cuntz algebra O ∞ . Let us briefly describe our main results. To any C * -algebra A we functorially associate its noncommutative motive HPf dg (A). As a mathematical object HPf dg (A) is a differential graded category that is defined purely algebraically. Then we show that if A and A ′ are KKequivalent separable C * -algebras, then HPf dg (A⊗O ∞ ) and HPf dg (A ′⊗ O ∞ ) are isomorphic objects in the category of noncommutative motives (cf. Theorem 1.5 and Corollary 1.6). We also show that the nonconnective K-theory of the noncommutative motive HPf dg (A⊗O ∞ ) is isomorphic to the topological K-theory of A (cf. Theorem 1.7). It is known that under favourable circumstances topological T-duality can be expressed as a KK-equivalence between two separable C * -algebras [2, 3] . Thus our results show that in such cases one actually has an isomorphism of noncommutative motives that implements the well-known isomorphism (up to a shift) between the twisted K-theories. Since noncommutative motives
Topological T-duality and noncommutative motives
Let us recall very briefly axiomatic topological T-duality from [6] . Let B be a topological base space. Consider the category of pairs (E, h), where π : E → B is a principal S 1 -bundle over B and h ∈ H 3 (E, Z). Two such pairs (E 1 , h 1 ) and (E 2 , h 2 ) are isomorphic if there is an isomorphism F : E 1 → E 2 of principal bundles such that F * h 2 = h 1 . Two pairs (E 1 , h 1 ) and (E 2 , h 2 ) are said to be T-dual if there is a Thom class Th for S(V ) such that h 1 = i * 1 Th and h 2 = i * 2 Th. Here S(V ) is the sphere bundle of V := E 1 × S 1 C ⊕ E 2 × S 1 C and i k : E k → S(V ) are the canonical maps for k = 1, 2. This definition implies the following correspondence picture: Let π k : E k → B with k = 1, 2 be two principal S 1 -bundles and (E 1 , h 1 ) and (E 2 , h 2 ) be T-dual pairs. Then there is a commutative diagram
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(1) such that pr * 1 (h 1 ) = pr * 2 (h 2 ). This basic correspondence picture relates topological T-duality to cohomological quantization (see, for instance, [41, 49] ).
In [6] Bunke-Schick showed that the association B → {isom. classes of pairs over B} as a functor on topological spaces is representable. The representing space E supports a universal pair and any pair on B can be obtained up to isomorphism via a pullback along some map B → E (defined uniquely up to homotopy). Using the explicit construction of the universal object and the T-dual of the universal pair the authors were able to prove the existence and uniqueness of T-duality for S 1 -bundles. One of the salient features of T-duality is the following: If (E 1 , h 1 ) and (E 2 , h 2 ) are T-dual pairs, then there is an isomorphism of twisted K-theories:
The theory of topological T-duality is not limited to S 1 -bundles. However, for more general ( n i=1 S 1 )-bundles with n > 1 the theory becomes quite subtle [5, 7] and sometimes necessitates the use of C * -algebras [38] . Moreover, C * -algebras appear quite naturally in the context of twisted K-theory [46] . Thus it seems natural to study T-duality via C * -algebras from the outset. The readers may refer to [48] for a survey on the interactions between C * -algebras, K-theory, noncommutative geometry, and T-duality. Some recent results indicate that T-duality can even be related to Langlands duality [20, 4] .
We denote the category of separable C * -algebras by SC * and the bivariant K-theory category by KK. There is a canonical functor ι : SC * −→ KK, which is identity on objects and admits a univeral characterization [23, 14] . Recall from [28] that there is a category of noncommutative motives Hmo 0 , whose objects are k-linear DG categories (k = C for our purposes). The theory of noncommutative motives is an active area of research with interesting applications to K-theory as well as a wide variety of other mathematics [30, 53, 37] . Building upon an earlier work of Quillen [42] the author constructed a functorial passage HPf dg from separable C * -algebras to noncommutative motives and proved the following two results (amongst others) in [35] : Theorem 1.1. There is a dashed functor below making the following diagram of categories commute (up to a natural isomorphism):
* the homotopy groups of the nonconnective K-theory spectrum of HPf dg (A⊗K) are naturally isomorphic to the topological K-theory groups of A. Remark 1.3. In [35] the author phrased the results in terms of NCC dg , which was called the category of noncommutative DG correspondences. The category NCC dg is equivalent to Hmo 0 . Moreover, in Theorem 3.7 of [35] actually the connective version of Theorem 1.2 was proven. However, the extension to the nonconnective version is straightforward.
A crucial insight of Rosenberg in [46] is that certain bundles of compact operators K on locally compact spaces can be used to model twisted K-theory. More precisely, given any pair (E, h) with E locally compact one can construct a noncommutative stable C * -algebra CT(E, h), whose topological K-theory is the twisted K-theory of the pair (E, h). This formalism extends to certain infinite dimensional spaces through the use of σ-C * -algebras [34] . In [2, 3] the authors extended the formalism of T-duality to C * -algebras and showed that under favourable circumstances if B and B ′ are T-dual C * -algebras, then there is an invertible element in KK 0 (B, ΣB ′ ) that implements the twisted K-theory isomorphism (as in (2)). The ConnesSkandalis picture of KK-theory [10] is pertinent to their construction. Thanks to Theorem 1.1 we conclude that if two stable C * -algebras B and B ′ are T-dual, such that there is an invertible element α ∈ KK 0 (B, ΣB ′ ), then their noncommutative motives HPf dg (B) and HPf dg (B ′ ) are isomorphic in Hmo 0 . Furthermore, Theorem 1.2 asserts that the invertible element α implements the twisted K-theory isomorphism.
Recall that the Cuntz algebra O ∞ is the universal unital C * -algebra generated by a set of isometries {s i | i ∈ N} with mutually orthogonal range projections s i s * i [13] . Observe that O ∞ is a unital C * -algebra, so that O ∞ -stabilization preserves unitality (unlike K-stabilization). The following Lemma is crucial and it exploits the fact that O ∞ is purely infinite.
where the top horizontal arrow ι : O ∞ → O ∞ is an inner endomorphism.
Proof. Observe that the subset {s i s * j | i, j ∈ N} ⊂ O ∞ generates a copy of the compact operators K inside O ∞ . Consider the * -homomorphism κ : O ∞⊗ K → O ∞ , which is defined as a ⊗ e ij → s i as * j . Due to the simplicity of all the C * -algebras in sight, κ is injective. Let Proof. Let us first assume that A, A ′ are unital and let α ∈ KK 0 (A, A ′ ) be any invertible element. Consider the commutative diagram that is obtained by applying A⊗− to the commutative diagram 3
Now from Theorem 1.1 one obtains a diagram in Hmo 0
where R ′ and S ′ are defined in the obvious manner (replace A by A ′ in diagram 4). Since α is invertible, so are α⊗id O∞ and α⊗id O∞⊗ id K . Therefore, the middle vertical arrow β is an isomorphism. Observe that S • R is an inner endomorphism in SC * of the form
It is known that if F is a matrix stable functor on C * (resp. SC * ) and f is an inner endomorphism in C * (resp. SC * ), then F (f ) is the identity map (see, for instance, Proposition 3.16. of [17] ). It was shown in Lemma 2.3 of [35] that the functor HPf dg (−) is matrix stable on SC * , whence we get
Thus the maps HPf dg (R) and HPf dg (R ′ ) possess left inverses. An inspection of diagram 5 reveals that it suffices to show that they also possess right inverses. The composite * -
Let us set
Here all the horizontal arrows are corner embeddings. Now the top and the bottom horizontal arrows are homotopic to isomorphisms. Since HPf dg (−) is homotopy invariant on stable C * -algebras, it sends the top and the bottom horizontal arrows to isomorphisms. We already know that it sends (R⊗id K ) • (I⊗id K ) to an isomorphism. It follows that HPf dg (R) has a right inverse. Similarly, one can prove that HPf dg (R ′ ) has a right inverse. Now using split exactness of HPf dg (−) one can extend the result to nonunital C * -algebras.
Corollary 1.6. The functor HPf dg (−⊗O ∞ ) is C * -stable and it factors through KK.
Proof. For any separable C * -algebra A the corner embedding A → A⊗K is KK-invertible whence HPf dg (−⊗O ∞ ) is C * -stable. It follows from Lemma 3.1 of [35] that the functor HPf dg (−⊗O ∞ ) is split exact. The second assertion now is a consequence of the universal characterization of KK. Now we prove the O ∞ -analogue of Theorem 1.2. Theorem 1.7. For any A ∈ SC * the homotopy groups of the nonconnective K-theory spectrum of HPf dg (A⊗O ∞ ) are naturally isomorphic to the topological K-theory groups of A.
Proof. By the above Corollary the nonconnective K-theory spectra of HPf dg (A⊗O ∞ ) and HPf dg (A⊗O ∞⊗ K) are weakly equivalent. By Theorem 1.1 the homotopy groups of the nonconnective K-theory spectrum of HPf dg (A⊗O ∞⊗ K) are isomorphic to the topological K-theory groups of A⊗O ∞ , which are in turn isomorphic to those of A. Remark 1.8. Since noncommutative motives constitute the univeral additive invariant [52] , an isomorphism of therein is the most fundamental (co)homological isomorphism. It certainly explains the isomorphism between twisted K-theories (up to a shift) under T-duality. 
is an exact triangle in hSp. A homotopy invariant excisive functor F : C * −→ hSp is called an hSp-valued generalized homology theory on C * . It is known that the algebraic K-theory functor acquires special properties after compact stabilization. We are going to show that the same is true after O ∞ -stabilization. Proof. It follows from the Suslin-Wodzicki Theorem [50, 51] that the functor K is excisive on C * . Since maximal C * -tensor product is exact, the functor −⊗O ∞ preserves exactness in C * whence K(−⊗O ∞ ) is excisive.
Thanks to the Karoubi conjecture, which is now a Theorem [50, 51] , we know that the nonconnective algebraic K-theory of a stable C * -algebra is isomorphic to its topological Ktheory. In fact, there is a canonical comparison map of spectra that induces the isomorphisms c n (A) : K n (A) → K top n (A) for all n ∈ Z when A is stable [26] (see also [47] ). The comparison map c 0 (A) :
Proof. Let us first assume that A is a unital C * -algebra. After applying A⊗− to the commutative diagram 3 in Lemma 1.4 we obtain
where the top horizontal arrow is an inner endomorphism. Now applying the functors K n (−), K top n (−) and using the naturality of c n , we get a commutative diagram
Since S • R is the inner endomorphism id⊗ι : A⊗O ∞ → A⊗O ∞ , we conclude that K n (S) • K n (R) is the identity map due to the matrix stability of algebraic K-theory on the category of unital C * -algebras. Moreover, K
is also the identity map due to the matrix stability of K top n (−). The assertion for unital A now follows by a simple diagram chase. Indeed, it is easily seen that K n (R) must be injective and K top n (S) must be surjective. Since A⊗O ∞⊗ K is stable, we conclude that c n (A⊗O ∞⊗ K) is an isomorphism. Thus c n (A⊗O ∞⊗ K) • K n (R) is injective whence so is c n (A⊗O ∞ ) (the left vertical one). Similarly, K top n (S) • c n (A⊗O ∞⊗ K) is surjective whence so is c n (A⊗O ∞ ) (the right vertical one). The proof for nonunital A follows by a simple excision argument (see Proposition 2.1).
Remark 2.3. The above Proposition is a special case of a result of Cortiñas-Phillips. They proved that the comparison map c n (A) : K n (A) → K top n (A) is an isomorphism in a very general situation [11] . Notice that the C * -algebra A⊗O ∞ is purely infinite for any separable C * -algebra A [29] . We have decided to include our simple proof as it involves only elementary (homological) algebra and hence comprehensible to non-experts on C * -algebras. The above argument is based on the ideas of Karoubi-Wodzicki [27] with some simplifications that exploit the special properties of O ∞ . Proof. It follows from Proposition 2.2 that the natural comparison map of spectra is a weak equivalence. Since the canonical * -homomorphism A → A⊗O ∞ sending a → a ⊗ 1 O∞ is a KK-equivalence, we have a diagram of weak equivalences of spectra (see Section 8.3 of [17] )
where K top denotes the topological K-theory spectrum. Thus for every A ∈ C * there is an isomorphism K(A⊗O ∞ ) ∼ = K top (A) in hSp.
Remark 2.5. Applying the nonconnective Waldhausen K-theory functor [55, 1] to A⊗O ∞ for any unital C * -algebra A one actually obtains a highly structured spectrum model for the topological K-theory of A [25] . Using the Green-Julg-Rosenberg Theorem one can also get such a spectrum model for G-equivariant topological K-theory for a finite group G. Indeed, one can simply apply the nonconnective Waldhausen K-theory functor to (A ⋊ G)⊗O ∞ for any unital G-C * -algebra A. This construction would be different from the one in [21] .
Strongly self-absorbing operads
Operadic structures have pervaded many areas of mathematics and physics with wide ranging applications. From the viewpoint of topology the operadic machinery can be effectively used to recognise (infinite) loop spaces. An operad in a symmetric monoidal category (C, ⊗, 1 C ) consists of a collection of objects {C(j)} j 0 with each C(j) carrying a right action of the permutation group Σ j , a unit map η : 1 C → C(1), and product or composition maps
for k 1 and j s 0 for all s = 1, · · · , k subject to j = s j s . These data should be intercompatible in a specific manner, i.e., satisfy certain associativity, unitality, and equivariance axioms (see, for instance, [31] ). Neglecting the actions of the permutation groups and the corresponding equivariance conditions one arrives at the notion of a nonsymmetric operad. A space is tacitly assumed to be compactly generated and weakly Hausdorff. Observe that such spaces constitute a symmetric monoidal category under cartesian product with pt as a unit object and hence one may consider operads in spaces.
In this section we shall work with a specific model for spectra, namely, symmetric spectra Sp Σ [25] . Several choices for the algebraic K-theory functor land inside the category of symmetric spectra in simplicial sets. By applying the geometric realisation functor one can pass to the category of symmetric spectra in spaces. One may choose one's favourite strictly functorial model for algebraic K-theory that takes values in Sp Σ (and not in the stable homotopy category hSp). The category of symmetric spectra Sp Σ has an associative and commutative smash product ∧ and it is tensored over based spaces (see [25] ).
Recall that a unital separable C * -algebras D (D = C) is called strongly self-absorbing if there is an isomorphism D ∼ → D⊗D that is approximately unitarily equivalent to the first factor embedding D → D⊗D sending d → d ⊗ 1 D [54] . Such C * -algebras turn out to be simple and nuclear. The Cuntz algebra O ∞ is a prominent example of such a C * -algebra. For any strongly self-absorbing C * -algebra D we set D(j) = Hom 1 (D⊗ j , D), i.e., the space of unital full * -homomorphisms D⊗ j → D with the point-norm topology. Since D is a separable C * -algebra, it follows from Lemma 22 of [40] that each D(j) is a metrizable topological space. Hence they are all compactly generated and Hausdorff spaces. Proof. Let us define γ and η as follows:
and η : pt → D(1) sends the unique element in pt to id : D → D. If we let the permutation group Σ j to act on D(j) = Hom 1 (D⊗ j , D) by permuting the tensor factors of D⊗ j , then it can be verified that the data satisfy the associativity, unitality, and equivariance axioms.
Thanks to the above Lemma we introduce the following operad: Definition 3.2. For any strongly self-absorbing C * -algebra D we call the operad that the collection {D(j)} j 0 defines as the strongly self-absorbing D-operad. Proof. We need to show that each D(j) for j 0 is contractible and the action of Σ j on each D(j) is free. The contractibility of each D(j) follows from Theorem 2.3 of [18] and the fact that D ∼ = D⊗ j . In order to see the freeness of the Σ j -action on D(j) we check the stabilizers. For any f ∈ D(j) suppose f σ = f . Owing to the simplicity of D⊗ n such an f must be a monomorphism whence σ is the trivial permutation. Let K c denote a strictly functorial model for K-theory that takes values in Sp Σ , whose homotopy groups are the connective algebraic K-theory groups (see, for instance, [39, 22] ). This specific choice K c takes a small permutative category as input. For a unital ring A let P(A) denote the category, whose objects are pairs (A n , i). Here n ∈ N and i : A n → A n is an idempotent left A-module endomorphism. A morphism from (A n , i) to (A m , j) is a left A-module isomorphism from Im(i) to Im(j). The category P(A) becomes a permutative category under direct sum of modules and idempotents. The K-theory of this permutative category is isomorphic to Quillen's algebraic K-theory of the ring A (see Examples in page 171 of [22] ).
Proof. We may apply the external tensor product in algebraic K-theory to get the first map.
Now one may use induction on j to prove the second assertion noticing that the cases j = 0, 1 are trivial. Naturality follows from that of the external pairing.
Lemma 3.7. The above maps κ :
can be arranged to be associative and symmetric, i.e., for any unital A, B, C ∈ C * (1) the following diagram can be made to commute:
Observe that the associator (A⊗B)⊗C ∼ = A⊗(B⊗C) is induced by the associativity isomorphism (A ⊗ B) ⊗ C ∼ = A ⊗ (B ⊗ C). Similar arguments can be used to prove (2).
Let C be any operad in spaces. A symmetric spectrum X is said to be an algebra over C if there are maps of spectra θ : C(j) + ∧ X ∧j → X for all j 0, which are associative, unital, and equivariant in a suitable sense [31] . Moreover, a symmetric spectrum M is said to be a module over X if there are maps of spectra λ : C(j) + ∧ X ∧(j−1) ∧ M → M for all j 1 that are again associative, unital, and equivariant as explained in [31] .
Theorem 3.8. Let D be any strongly self-absorbing C * -algebra. The spectrum K c (D) is an algebra over the strongly self-absorbing D-operad. Moreover, for any unital C * -algebra A, the spectrum
Proof. We define the maps for j 0
Here
is the canonical map from Proposition 3.6. Similarly, we define the maps for all j 1
is induced by the composition of the canonical maps furnished by Proposition 3.6 and (f ⊗ id) * :
is the map induced by f ⊗ id : D⊗ j⊗ A → D⊗A. The axiom for unitality says that the following diagrams commute:
This condition is clear from the fact that η maps the non-basepoint in S 0 to id : D → D. Now using Lemma 3.7 and the srict functoriality of K c (−) one can check the required associativity and equivariance conditions. Remark 3.9. It follows from Proposition 3.4 that K c (D) is an E ∞ -ring in symmetric spectra. Using Theorem 1.4 of [22] one can rectify this E ∞ -ring structure on K c (D) (resp. the module structure on K c (D⊗A)) to a strictly commutative symmetric ring spectrum structure (resp. to a strict module structure over it).
Remark 3.10. Note that O ∞ is a purely infinite C * -algebra. In fact, Proposition 2.2 above is applicable to all strongly self-absorbing C * -algebras that are purely infinite. Thus for such a C * -algebra D we conclude that K c (D) is a commutative symmetric ring spectrum model for (connective) topological K-theory and for a unital C * -algebra A the symmetric spectrum K c (D⊗A) is a module over it. Similar results were obtained by different methods in [19] .
This map has a one-sided inverse induced by the evaluation map ev 0 . Rosenberg conjectured that any C * -algebra A is K 0 -regular. Using the techniques developed to prove the Karoubi conjectures [24] , it is shown in Theorem 3.4 of [47] that the conjecture is true if A is stable. In fact, the Theorem in [47] asserts that a stable C * -algebra is K m -regular for all m ∈ Z. A C * -algebra is called K-regular if it is K m -regular for all m ∈ Z.
Theorem 4.1. The C * -algebras A⊗O ∞ are K-regular for all A ∈ C * .
Proof. For the sake of better readability let us set A ∞ := A⊗O ∞ and B n := B[t 1 , · · · , t n ] for any A, B ∈ C * . Using excision we may assume that A is unital. Arguing as in the proof of Proposition 2.2 we obtain a commutative diagram
Due to the stability of A ∞⊗ K the middle vertical arrow is an isomorphism. Moreover, the compositions of the top and the bottom horizontal arrows are again isomorphisms due to the matrix stability of the functor K m (−) for unital algebras. Observe that the composite
n are still inner. Now a similar diagram chase as before enables one to conclude that the left vertical arrow must be an isomorphism.
Remark 4.2. Purely infinite simple C * -algebras like O ∞ can be regarded as maximally noncommutative. Rather surprisingly, one needs fairly sophisticated techniques to establish the K-regularity of commutative C * -algebras (see [47, 12] ).
Remark 4.3. Using Proposition 2.2 and Theorem 4.1 the reduction principle for assembly maps (see Theorem 1.1 of [36] ) can be generalized to include coefficients in O ∞ , i.e., for a countable, discrete, and torsion free group G, if the Baum-Connes assembly map with complex coefficients is injective (resp. split injective), then the Farrell-Jones assembly map in algebraic K-theory with coefficients in O ∞ is also injective (resp. split injective).
We now explicitly compute the algebraic K-theory groups of certain O ∞ -stable C * -algebras. It must be noted that complete calculation of the algebraic K-theory groups of an arbitrary ring is an extremely difficult task in general.
Semigroup C
* -algebras coming from number theory. A recent result of Li asserts that for a countable integral domain R with vanishing Jacobson radical (which is, in addition, not a field) the left regular ax
Now we focus on the main object of our interest, namely, the left regular ax + b-semigroup C * -algebra of the ring of integers R of a number field K. It is shown in [16] that
where I is the set of fractional ideal of R, G = K ⋊ K × , and G X is the stabilizer of X under the G-action on I. The orbit space G \ I can be identified with the ideal class group of K. As a consequence of Proposition 2.2 we obtain Theorem 5.1. The algebraic K-theory of the ax + b-semigroup C * -algebra of the ring of integers R of a number field K is 2-periodic and explicitly given by
5.2. O ∞ -stabilized noncommutative tori. We recall some basic material before stating our result. A good reference for generalities on noncommutative tori is Rieffel's survey [44] . For any real-valued skew bilinear form θ on Z n (n 2) the C * -algebra of the noncommutative n-torus A n θ can be defined as the universal C * -algebra generated by unitaries U x ∈ Z n subject to the relation U x U y = exp(πiθ(x, y))U x+y ∀x, y ∈ Z n .
Using the Pimnser-Voiculescu exact sequence one can compute the K top -theory of A We just determined the isomorphism type of the algebraic K-theory groups of A n θ⊗ O ∞ . One can also describe the elements in these groups using Rieffel's results. 
